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Dilations of markovian semigroups of
measurable Schur multipliers
Cédric Arhancet
Abstract
We prove that any weak* continuous semigroup (Tt)t>0 of Markov measurable Schur
multipliers acting on B(L2(Ω)), where Ω is a measure space, can be dilated by a weak*
continuous group of Markov ∗-automorphisms on a bigger von Neumann algebra. We also
construct a Markov dilation of these semigroups. Our results imply the boundedness of the
McIntosh’s H∞ functional calculus of the generators of these semigroups on the associated
noncommutative Lp-spaces.
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1 Introduction
The study of dilations of operators is of central importance in operator theory and has a long
tradition in functional analysis. Indeed, dilations are powerful tools which allow to reduce
general studies of operators to more tractable ones.
Suppose 1 < p < ∞. In the spirit of Sz.-Nagy’s dilation theorem for contractions on
Hilbert spaces, Fendler [Fen1] proved a dilation result for any strongly continuous semigroup
(Tt)t>0 of positive contractions on an L
p-space Lp(Ω). More precisely, this theorem says that
there exists a (bigger) measure space Ω′, two positive contractions J : Lp(Ω) → Lp(Ω′) and
P : Lp(Ω′) → Lp(Ω) and a strongly continuous group of positive invertible isometries (Ut)t∈R
on Lp(Ω′) such that
(1.1) Tt = PUtJ
for any t > 0, see also [Fen2]. Note that in this situation, J : Lp(Ω) → Lp(Ω′) is an isometric
embedding whereas JP : Lp(Ω′)→ Lp(Ω′) is a contractive projection.
In the noncommutative setting, measure spaces and Lp-spaces are replaced by von Neumann
algebras and noncommutative Lp-spaces and positive maps by completely positive maps. In
2010 Mathematics subject classification: Primary 47A20, 47D03, 46L51 ; Secondary 47D07.
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their remarkable paper [JLM], Junge and Le Merdy essentially1 showed that there is no hope to
have a “reasonable” analog of Fendler result for semigroups of completely positive contractions
acting on noncommutative Lp-spaces. It is a striking difference with the world of classical
(=commutative) Lp-spaces of measure spaces.
Let Ω be a σ-finite measure space. In this paper, our first main result (Theorem 3.3) gives
a dilation of weak* continuous semigroups of Markov measurable Schur multipliers acting on
B(L2(Ω)) in the spirit of (1.1) but at the level p = ∞. Our construction induces an isometric
dilation similar to the one of Fendler’s theorem for the strongly continuous semigroup induced
by the semigroup (Tt)t>0 on the Schatten space L
p-space SpΩ
def
= Sp(L2(Ω)) for any 1 6 p <∞.
Note that our paper [Arh1] gives a proof of such a dilation for a discrete measure space Ω. We
refer to [Arh1], [Arh2], [Arh4], [Arh5], [ALM], [AFM], [HaM] and [Ric] for related things. Our
second main result (Theorem 4.1) gives a Markov dilation of these semigroups by generalising
some unpublished work [ArK2] We refer to [JM1], [Cas1] and [CJSZ1] for related papers.
One of the important consequences of Fendler’s theorem is the boundedness, for the genera-
tor of a strongly continuous semigroup (Tt)t>0 of positive contractions, of a bounded H
∞ func-
tional calculus which is a fundamental tool in various areas: harmonic analysis of semigroups,
multiplier theory, Kato’s square root problem, maximal regularity in parabolic equations, con-
trol theory, etc. For detailed information, we refer the reader to [Haa], [JMX], [KW], to the
survey [LeM1] and to the recent book [HvNVW2] and references therein. Our results also give a
similar result on H∞ functional calculus in the noncommutative context as explained in [JMX,
Proposition 3.12] and [JMX, Proposition 5.8] in the case of semigroups of measurable Schur
multipliers.
The paper is organized as follows. The next section 2 gives background on probabilities.
Section 3 gives a proof of our main result of dilation of semigroups of Markov Schur multipliers.
Next in Section 4, we construct a Markov dilation for semigroups of Markov measurable Schur
multipliers. In the last section 5, we describe some applications of our results to functional
calculus.
2 Preliminaries on probabilities
Isonormal processes LetH be a real Hilbert space. AnH-isonormal process on a probability
space (Ω, µ) [Nua1, Definition 1.1.1] [Neer1, Definition 6.5] is a linear mapping W: H → L0(Ω)
with the following properties:
for any h ∈ H the random variable W(h) is a centered real Gaussian,(2.1)
for any h1, h2 ∈ H we have E
(
W(h1)W(h2)
)
= 〈h1, h2〉H .(2.2)
The linear span of the products W(h1)W(h2) · · ·W(hm), with m > 0 and h1, . . . , hm(2.3)
in H, is dense in the real Hilbert space L2
R
(Ω).
Here L0(Ω) denote the space of measurable functions on Ω and we make the convention that
the empty product, corresponding to m = 0 in (2.3), is the constant function 1.
If (ei)i∈I is an orthonormal basis of H and if (γi)i∈I is a family of independent standard
Gaussian random variables on a probability space Ω then for any h ∈ H , the family (γi〈h, ei〉)i∈I
is summable in L2(Ω) and
(2.4) W(h)
def
=
∑
i∈I
γi〈h, ei〉H , h ∈ H
1. The authors prove that there exists no “reasonable” analog of a variant of Fendler result for a discrete
semigroup (T k)k>0 of completely positive contractions.
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define an H-isonormal process.
Recall that the span of elements eiW(h) is weak* dense in L∞(Ω) by [Jan1, Remark 2.15].
Using [HvNVW2, Proposition E.2.2], we see that
(2.5) E
(
eitW(h)
)
= e−
t
2‖h‖2H , t ∈ R, h ∈ H.
Note the following elementary result [Arh5]. In this result, we suppose that the construction
is given by the concrete representation (2.4).
Lemma 2.1 If L∞(Ω) is equipped with the weak* topology then the map H → L∞(Ω), h 7→
eiW(h) is continuous.
Let H be a Hilbert space. An H-cylindrical Brownian motion is an L2
R
(R+, H)-isonormal
processW [NVW1, Definition 2.3] [Neer1, Definition 6.11]. Let W be anH-cylindrical Brownian
motion. For any t > 0 and any h ∈ H , we let
(2.6) Wt(h)
def
= W
(
1[0,t] ⊗ h
)
.
The filtration (Ft)t>0 generated by W is defined by
(2.7) Ft
def
= σ
(
Ws(h) : s ∈ [0, t], h ∈ H
)
.
Then, for any h ∈ H , by [Neer1, page 163], (Wt(h))t>0 is a Brownian motion and a martingale
with respect to (Ft)t>0. If 0 6 s 6 t, note that ‖1]s,t] ⊗ h‖
2 = ‖1]s,t]‖‖h‖
2
H = (t − s)‖h‖
2
H .
Using (2.5) together with the above computation, we obtain
(2.8) E
(
eiW(1]s,t]⊗h)
)
= e−
t−s
2 ‖h‖2H , 0 6 s 6 t, h ∈ H.
3 Dilations of semigroups of measurable Schur multipliers
Let Ω be a σ-finite measure space. Here S∞Ω
def
= S∞(L2(Ω)). If f ∈ L2(Ω × Ω), we denote the
associated Hilbert-Schmidt operator by
(3.1)
Kf : L
2(Ω) −→ L2(Ω)
ξ 7−→
∫
Ω ξ(s)f(s, ·) ds
.
We say that a measurable function φ : Ω × Ω → C induces a bounded Schur multiplier on
B(L2(Ω)) if for any f ∈ L2(Ω×Ω) we haveKφf ∈ S
∞
Ω . In this case, by the graph closed theorem,
the linear map S∞Ω → S
∞
Ω , Kf 7→ Kφf is a bounded map. The second adjoint is a weak*
continuous map Mφ : B(L
2(Ω)) → B(L2(Ω)) called the measurable Schur multiplier associated
with φ. We refer to the surveys [ToT1] and [Tod1] for more information. If g ∈ L∞(Ω), we
will use the multiplication operator Lg : L
2(Ω)→ L2(Ω), ξ 7→ gξ and the following elementary
result.
Lemma 3.1 For any ξ ∈ L2(Ω), any g, h ∈ L∞(Ω) we have for almost all r
(3.2)
(
(LgKfLh)(ξ)
)
(r) =
∫
Ω
h(s)ξ(s)f(s, r)g(r) ds.
So the Hilbert-Schmidt operator LgKfLh is associated with the function is (s, r) 7→ h(s)g(r)f(s, r).
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Proof : We have
(
(LgKfLh)(ξ)
)
(r) =
(
(LgKf )(hξ)
)
(r)
(3.1)
=
(
Lg
(∫
Ω
h(s)ξ(s)f(s, ·) ds
))
(r)
=
(
g(·)
∫
Ω
h(s)ξ(s)f(s, ·) ds
)
(r) =
∫
Ω
h(s)ξ(s)f(s, r)g(r) ds.
The following is a straightforward generalization of [Arh1, Proposition 5.4]. Use [Car1] and
[DeM1] for the measurability of α.
Proposition 3.2 Suppose that ψ : Ω × Ω → C is a measurable function. For any t > 0, let
Tt be the unbounded Schur multiplier on B(L
2(Ω)) associated with the function e−tψ. Then
the semigroup (Tt)t>0 extends to a semigroup of selfadjoint unital completely positive Schur
multipliers Tt : B(L
2(Ω)) → B(L2(Ω)) if and only if there exists a real Hilbert space H and a
measurable function α : Ω→ H, s 7→ αs such that
ψ(s, r) = ‖αs − αr‖
2
H .
In this case, (Tt)t>0 is a weak* continuous semigroup.
The following is the main result of this section. This theorem generalizes [Arh1, Proposition
5.5].
Theorem 3.3 Let (Tt)t>0 be a weak* continuous semigroup of selfadjoint unital completely
positive Schur multipliers on B(L2(Ω)). Then, there exists a hyperfinite von Neumann algebra
M equipped with a semifinite normal faithful trace, a weak* continuous group (Ut)t∈R of trace
preserving ∗-automorphisms of M , a unital trace preserving injective normal ∗-homomorphism
J : B(L2(Ω))→M such that
(3.3) Tt = EUtJ.
for any t > 0, where E : M → B(L2(Ω)) is the canonical faithful normal trace preserving
conditional expectation associated with J .
Proof : By Proposition 3.2, there exists a real Hilbert space H and a measurable function
α : Ω → H , s 7→ αs such that, for all t > 0, the Schur multiplier Tt : B(L
2(Ω)) → B(L2(Ω)) is
associated with the symbol
(3.4) φt(s, r) = e
−t‖αs−αr‖2H .
Let W: H → L0(Ω0) be an H-isonormal process on a probability space (Ω, µ), see Section 2. We
define the von Neumann algebra M
def
= L∞(Ω0)⊗B(L2(Ω)). Note that M is a hyperfinite von
Neumann algebra. We equip the von Neumann algebra M with the faithful semifinite normal
trace τM
def
=
∫
Ω0
· dµ ⊗ Tr . Note that, by [Sak, Theorem 1.22.13], we have a ∗-isomorphism
M = L∞(Ω0,B(L2(Ω))). We define the canonical injective normal unital ∗-homomorphism
(3.5)
J : B(L2(Ω)) −→ L∞(Ω0)⊗B(L2(Ω))
x 7−→ 1⊗ x
.
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It is clear that the map J preserves the traces. We denote by E : L∞(Ω0)⊗B(L2(Ω))→ B(L2(Ω))
the canonical faithful normal trace preserving conditional expectation ofM onto B(L2(Ω)). For
any ω0 ∈ Ω0 and any t > 0, we introduce the element kt,ω0 of L
∞(Ω) defined by
(3.6) kt,ω0(s)
def
= e
√
2it(W(αs))(ω0).
For any t ∈ R, we define an element Dt of L
∞(Ω0,B(L2(Ω))) by
(3.7) Vt(ω0)
def
= Lkt,ω0 .
Note that Vt is an unitary element of L
∞(Ω0,B(L2(Ω))). Now, for any t > 0 we define the
linear map
(3.8)
Ut : L
∞(Ω0,B(L2(Ω))) −→ L∞(Ω0,B(L2(Ω)))
g 7−→ VtgV
∗
t
.
If t ∈ R, it is easy to see that the map Ut is a trace preserving ∗-automorphism of M . Using
Lemma 2.1, it is not difficult to check that (Vt)t∈R is a weakly continuous group of unitaries
hence a strongly continuous group by [Str1, Lemma 13.4] or [Tak2, page 239]. By [Tak2, page
238], we conclude that (Ut)t∈R is a weak* continuous group of ∗-automorphisms. For any Kf
and almost all r, we have
(
EUtJ(Kf )
)
(ξ)
)
(r)
(3.5)
=
(
EUt(1⊗Kf)
)
(ξ)
)
(r) = E
(
(Vt(1⊗Kf )V
∗
t )(ξ)
)
(r)
=
∫
Ω0
(
(Vt(ω0)KfVt(ω0)
∗)(ξ)
)
(r) dµ(ω0)
(4.4)
=
∫
Ω0
(
(Lkt,ω0KfL
∗
kt,ω0
)(ξ)
)
(r) dµ(ω0)
(3.2)
=
∫
Ω0
(∫
Ω
kt,ω0(s)ξ(s)f(s, r)kt,ω0 (r) ds
)
dµ(ω0)
(3.6)
=
∫
Ω0
(∫
Ω
e
√
2it(W(αs−αr))(ω0)ξ(s)f(s, r) ds
)
dµ(ω0)
=
∫
Ω
ξ(s)
(∫
Ω0
e
√
2it(W(αs−αr))(ω0) dµ(ω0)
)
f(s, r) ds
(2.5)
=
∫
Ω
ξ(s)e−t‖αs−αr‖
2
Hf(s, r) ds
(3.4)
=
∫
Ω
ξ(s)gt(s, r)f(s, r) ds
(3.1)
=
(
Kgtf (ξ)
)
(r) =
(
(Tt(Kf ))(ξ)
)
(r).
Hence we have
(
EUtJ(Kf )
)
(ξ) = (Tt(Kf ))(ξ) and finally EUtJ(Kf ) = Tt(Kf ). By weak*
density, we deduce (3.3).
4 Markov dilations of measurable Schur multipliers
Our second main result is the following theorem.
Theorem 4.1 (standard Markov dilation) Let (Tt)t>0 be a weak* continuous semigroup
of unital completely positive measurable Schur multipliers on B(L2(Ω)). There exists a von
Neumann algebra N equipped with a semifinite faithful normal trace, an increasing filtration
(Ns)s>0 with trace preserving conditional expectations Es : N → Ns and trace preserving normal
∗-homomorphisms pis : B(L
2(Ω))→ Ns such that
(4.1) Espit = pisTt−s, 0 6 s 6 t.
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Proof : By Proposition 3.2, there exists a real Hilbert space H and a measurable function
α : Ω → H , s 7→ αs such that, for all t > 0, the Schur multiplier Tt : B(L
2(Ω)) → B(L2(Ω)) is
associated with the symbol
(4.2) φt(r, u) = e
−t‖αr−αu‖2H .
Let W: H → L0(Ω0) be an H-cylindrical Brownian motion on a probability space (Ω0, µ), see
Section 2. For any ω0 ∈ Ω0 and any t > 0, we introduce the element gt,ω0 of L
∞(Ω) defined by
(4.3) gt,ω0(s)
def
= ei(Wt(αs))(ω0).
For any t ∈ R, we define an element Dt of L
∞(Ω0,B(L2(Ω))) by
(4.4) Dt(ω0)
def
= Lgt,ω0 .
Note that Dt is an unitary element of L
∞(Ω0,B(L2(Ω))). For any t > 0, we define the normal
∗-homomorphism
(4.5)
pit : B(L
2(Ω)) −→ L∞
(
Ω0,B(L
2(Ω))
)
x 7−→ Dt(1 ⊗ x)D
∗
t
.
It is obvious that pis is trace preserving. We also define the canonical normal conditional
expectations EFs : L
∞(Ω0) → L∞(Ω0,Fs) and Es
def
= EFs ⊗ IdB(L2(Ω)) : L
∞(Ω0,B(L2(Ω)) →
L∞(Ω0,Fs,B(L2(Ω)). For almost all ω0 ∈ Ω0, By Lemma 3.1, the operator
(
pit(Kf )
)
(ω0) is
Hilbert-Schmidt and associated with the function
(4.6) (r, u) 7→ e(Wt(αr−αu))(ω0)f(r, u)
On the one hand, for any 0 6 s 6 t and almost all r, s ∈ Ω, the operator(
pis(Tt−s(Kf ))
)
(ω0) =
(
pis(Kφt−sf )
)
(ω0)
is Hilbert-Schmidt and associated with the function (r, u) 7→ e−(t−s)‖αr−αu‖
2
H e(Ws(αr−αu))(ω0)f(r, u).
On the other hand, first recall that (Wt(h))t>0 is a Brownian motion. Hence by [Neer1,
Definition 6.2 (iii)] the random variable
W
(
1]s,t] ⊗ (αr − αu)
) (2.6)
= Wt(αr − αu)−Ws(αr − αu)
is independent from the family {Wv(h) : 0 6 v 6 s, h ∈ H} and thus from the σ-algebra Fs by
[Neer1, Lemma 11.18] and (2.7). Consequently, the random variable eiW(1]s,t]⊗(αr−αu)) is also
independent from the σ-algebra Fs. Using [HvNVW1, Proposition 2.6.31] in the forth equality
and [HvNVW1, Proposition 2.6.35] in the sixth equality, we obtain
Espit(Kf )
(4.6)
= Es
(
K
(
(r, u) 7→ eiWt(αr−αu)f(r, u)
))
=
(
EFs ⊗ IdB(L2(Ω)
)(
K
(
(r, u) 7→ eiWt(αr−αu)f(r, u)
))
(2.6)
=
(
EFs ⊗ IdB(L2(Ω)
)(
K
(
(r, u) 7→ eiWs(αr−αu)eiW(1]s,t]⊗(αr−αu))f(r, u)
))
= K
(
(r, u) 7→ eiWs(αr−αu)EFs
(
eiW(1]s,t]⊗(αr−αu))
)
f(r, u)
)
= K
(
(r, u) 7→ eiWs(αr−αu)E
(
eiW(1]s,t]⊗(αr−αu))
)
f(r, u)
)
(2.8)
= K
(
(r, u) 7→ e−(t−s)‖αr−αu‖
2
H eiWs(αr−αu)f(r, u)
)
.
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The proof is complete.
Similarly, we can prove the following.
Theorem 4.2 (reversed Markov dilation) Let (Tt)t>0 be a weak* continuous semigroup of
unital completely positive Schur multipliers on B(L2(Ω)). There exists a von Neumann algebra
N equipped with a semifinite faithful normal trace, a decreasing filtration (Ns)s>0 with trace
preserving conditional expectations Es : N → Ns and trace preserving normal ∗-homomorphisms
pis : B(L
2(Ω))→ Ns such that
(4.7) Espit = pisTs−t, 0 6 s 6 t.
5 Application to functional calculus
We start with a little background on sectoriality and H∞ functional calculus. We refer to [Haa],
[KW], [JMX], [HvNVW2] and [Arh2] for details and complements. Let X be a Banach space.
A closed densely defined linear operator A : domA ⊂ X → X is called sectorial of type ω if its
spectrum σ(A) is included in the closed sector Σω where Σω
def
= {z ∈ C∗ : | arg z| < ω}, and for
any angle ω < θ < pi, there is a positive constant Kθ such that
∥∥(λ−A)−1∥∥
X→X 6
Kθ
|λ|
, λ ∈ C− Σθ.
If −A is the negative generator of a bounded strongly continuous semigroup on a X then A is
sectorial of type pi2 . By [HvNVW2, Example 10.1.3], sectorial operators of type <
pi
2 coincide
with negative generators of bounded analytic semigroups.
For any 0 < θ < pi, let H∞(Σθ) be the algebra of all bounded analytic functions f : Σθ → C,
equipped with the supremum norm ‖f‖H∞(Σθ) = sup
{
|f(z)| : z ∈ Σθ
}
. Let H∞0 (Σθ) ⊂ H
∞(Σθ)
be the subalgebra of bounded analytic functions f : Σθ → C for which there exist s, c > 0 such
that |f(z)| 6 c|z|
s
(1+|z|)2s for any z ∈ Σθ.
Given a sectorial operator A of type 0 < ω < pi, a bigger angle ω < θ < pi, and a function
f ∈ H∞0 (Σθ), one may define a bounded operator f(A) by means of a Cauchy integral (see e.g.
[Haa, Section 2.3] or [KW, Section 9]). The resulting mapping H∞0 (Σθ) → B(X) taking f to
f(A) is an algebra homomorphism. By definition, A has a bounded H∞(Σθ) functional calculus
provided that this homomorphism is bounded, that is if there exists a positive constant C such
that
∥∥f(A)∥∥
X→X 6 C‖f‖H∞(Σθ) for any f ∈ H
∞
0 (Σθ). In the case when A has a dense range,
the latter boundedness condition allows a natural extension of f 7→ f(A) to the full algebra
H∞(Σθ).
Using the connection between the existence of dilations in UMD spaces and H∞ functional
calculus together with the well-known angle reduction principle of Kalton-Weis relying on R-
sectoriality, Theorem 3.3 allows us to obtain the following result (see [JMX, Proposition 3.12],
[JMX, Proposition 5.8] and [KW, Corollary 10.9]). Vector-valued versions of this result are left
to the reader. Other applications will be given in subsequent papers, e.g. [ArK2].
Theorem 5.1 Let (Tt)t>0 be a weak* continuous semigroup of selfadjoint unital completely
positive Schur multipliers on B(L2(Ω)). Suppose 1 < p < ∞. We let −Ap be the generator
of the induced strongly continuous semigroup (Tt,p)t>0 on the Banach space S
p
Ω. Then for any
θ > pi| 1
p
− 12 |, the operator Ap has a completely bounded H
∞(Σθ) functional calculus.
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